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Abstract
The non–commuting graph Γ(G) of a non–abelian group G is defined as follows. The
vertex set V (Γ(G)) of Γ(G) is G\Z(G) where Z(G) denotes the center of G and two vertices
x and y are adjacent if and only if xy 6= yx. For non–abelian finite groups G and H it is
conjectured that if Γ(G) ∼= Γ(H), then |G| = |H |. We prove the conjecture.
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subgroups.
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1 Introduction
Let G a group and Z(G) the center of G. The non-commuting graph Γ(G) associated to G is
the graph with vertex set G \ Z(G) and such that two vertices x and y are adjacent whenever
xy 6= yx. The non-commuting graph of a group was first considered by Paul Erdo¨s in 1975, [6].
In [1], was conjectured that:
Conjecture A(Abdollahi-Akbari-Maimani 2006, [1]) If G and H are two non abelian finite
groups with Γ(G) ∼= Γ(H), then |G| = |H|.
Conjecture B(Abdollahi-Akbari-Maimani 2006, [1]) Let G be a finite non–abelian nilpotent
group and H be a group such that Γ(G) ∼= Γ(H). Then H is nilpotent.
The most important advances on the conjecture can be found in [1, 2, 3, 4, 5, 7].
Theorem 1.1. (Abdollahi-Akbari-Maimani 2006, [1]) Let H be a group such that Γ(G) ∼= Γ(H),
where G is a finite non–abelian nilpotent group and |G| = |H|. Then H is nilpotent.
From the previous Theorem it is inferred that the veracity of the Conjecture A implies the
validity of the Conjecture B. In the present article we prove the conjectures.
Theorem A Let A and B be two non-abelian groups with Γ(A) ∼= Γ(B). Then
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• |Z(A)| = |Z(B)|;
• |A| = |B|;
• M(A) = M(B);
• lci(A) = lci(B);
• hci(A) = hci(B).
2 Polynomials and combinatorial concepts
Let G and H be non-abelian finite groups and let M(G) denote the set of orders of maximal
abelian subgroups of G. A subset of the vertices of a graph is called an independent set if its
elements are pairwise non-adjacent and a subset of the vertices is a maximal independent set if
it is maximal with respect to the inclusion.
Lemma 2.1. [3] If T is a maximal independent set of Γ(G) and M is a maximal abelian subgroup
of G, then
1. T ∪ Z(G) is a maximal abelian subgroup of G;
2. M \ Z(G) is a maximal independent subset of Γ(G).
Definition 2.2. Let G be a non-commutative finite group, we define the independent polynomial
of G as
PiG(x) =
∑
i≥1
m.i.s(G, i)xi,
where m.i.s(G, i) is the number maximal independent sets of V (Γ(G)) of size i.
Definition 2.3. A subgroup H of a group G is termed maximal abelian subgroup or a self-
centralizing abelian subgroup if it satisfies the following equivalent conditions:
• H = CG(H), where CG(H) denotes the centralizer of H in G;
• CG(H)H ≤ H and H is abelian;
• H is abelian, and if H ≤ K ≤ G with K abelian, then H = K.
Definition 2.4. Let G be a non-commutative finite group, we define the polynomial of maximal
abelian subgroups of G as
PASG(x) =
∑
i≥1
m.a.s(G, i)xi,
where m.a.s(G, i) is the number maximal abelian subgroups of G of size i.
Proposition 2.5. Let A and B be non-abelian finite groups. If Γ(A) ∼= Γ(B), then PiA(x) =
PiB(x).
Proof. PiA(x) is a purely graphic invariant.
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Proposition 2.6. Let G be a non-abelian finite group, then for all m ≥ |Z(G)| we have that
m.i.s(G,m) = m.a.s(G,m − |Z(G)|) and for m < |Z(G)|, m.a.s(G,m) = 0.
Proof. It follows from the Lemma 2.1.
Corollary 2.7. Let G be a non-abelian finite group, then
PiG(x)x
|Z(G)| = PASG(x)
Proof. It follows from the Lemma 2.1 and Proposition 2.6.
Proposition 2.8. Let A and B be non-abelian groups. If PASA(x) = PASB(x), then M(A) =
M(B).
3 Main results
Definition 3.1. For G a non-abelian finite group we define the least commutative index and
the highest commutative index of G as
lci(G) := min{|H| : H < G; H is a maximal abelian subgroup of G},
hci(G) := max{|H| : H < G; H is a maximal abelian subgroup of G}.
Theorem 3.2. Let A and B be two non-abelian finite groups such that Γ(A) ∼= Γ(B). Then the
following conditions are equivalent:
• |Z(A)| = |Z(B)|;
• |A| = |B|;
• M(A) = M(B);
• lci(A) = lci(B);
• hci(A) = hci(B).
Proof. By Γ(A) ∼= Γ(B), |A| = |B| if and only if |Z(A)| = |Z(B)|. Suppose that |A| = |B|. By
Proposition 2.5, we have that PiA(x) = PiB(x) and |A| = |B| with Γ(A) ∼= Γ(B) implies that
|Z(A)| = |Z(B)|. The Corollary 2.7 says that
PiA(x)x
|Z(A)| = PASA(x),
P iB(x)x
|Z(B)| = PASB(x).
So, PASA(x) = PASB(x) implies that M(A) = M(B), lci(A) = lci(B) and hci(A) = hci(B).
Next, suppose that M(A) = M(B). For the Proposition 2.5 we have that PiA(x) = PiB(x) and
PiA(x)x
|Z(A)| = PASA(x),
P iB(x)x
|Z(B)| = PASB(x).
Then, M(A) = M(B), lci(A) = lci(B) or hci(A) = hci(B) implies that deg(PASA(x)) =
deg(PASB(x)). Hence, |Z(A)| = |Z(B)|.
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For G a non-abelian finite group, we write the vertices of Γ(G) as the partition
V (Γ(G)) = g1Z ∪˙ g2Z ∪˙ · · · ∪˙ gkZ,
with Z = Z(G), giZ 6= Z, k = [G : Z(G)]− 1 and where giZ is an independent subset of Γ(G).
Observe that every pair of vertices gi, gj are joined, denoted by gi ∼ gj , if and only if for all
x, y ∈ Z gix ∼ gjy. In addition, for each i, the vertex g ∈ V (Γ(G)) is adjacent to gi if and only
if it is adjacent to every element of the set giZ. In other words, it is an adjacency by blocks.
Proposition 3.3. Let G be a non-abelian finite group. Then the k-partite graph Γ(G) with
partition V (Γ(G)) = g1Z ∪˙ g2Z ∪˙ · · · ∪˙ gkZ, provides us with an adjacency by blocks.
Definition 3.4. Let G = (V,E) a graph and I a maximal independent subset of V . A subset
E of I is called an essential independent set of I if each element in the set V \ I is adjacent to
some element of E. For instance, I is an essential independent set of I. The essential number
of I in G is defined as
enumber(I) = min{|E| : E is an essential independent set of I}.
The essential number of a maximal independent set is an invariant of the graph.
Theorem A Let A and B be two non-abelian finite groups with Γ(A) ∼= Γ(B). Then
• |Z(A)| = |Z(B)|;
• |A| = |B|;
• M(A) = M(B);
• lci(A) = lci(B);
• hci(A) = hci(B).
Proof. Let us consider the isomorphism ϕ : (A \ Z(A)) −→ (B \ Z(B)) from Γ(A) to Γ(B). If
M is a maximal independent set of the smallest size in Γ(A), then N = ϕ(M) is a maximal
independent set of the smallest size in Γ(B). Moreover, M∪Z(A) is a maximal abelian subgroup
of the smallest size in A and N ∪Z(B) is a maximal abelian subgroup of the smallest size in B.
From the following partitions with the property of adjacency by blocks
V (Γ(A)) = a1Z(A) ∪˙ a2Z(A) ∪˙ · · · ∪˙ akZ(A),
V (Γ(B)) = b1Z(B) ∪˙ b2Z(B) ∪˙ · · · ∪˙ blZ(B),
we obtain the following:
M = {ai1Z(A), ai2Z(A), . . . , airZ(A)} and N = {bi1Z(B), bi2Z(B), . . . , bisZ(B)}.
So, r|Z(A)| = |M | = |N | = s|Z(B)|. But, from the partitions with the property of adjacency
by blocks, X = {ai1 , ai2 , . . . , air} and Y = {bi1 , bi2 , . . . , bis} are essential independent sets of M
and N , respectively, of the smallest size. Therefore, r = enumber(M) = enumber(N) = s and
|Z(A)| = |Z(B)|.
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4 Applications
Some important results on the conjecture are the following:
Theorem 4.1. (Abdollahi-Akbari-Maimani 2006, [1]) If G is a finite non–abelian nilpotent
group and H is a group such that Γ(G) ∼= Γ(H) and |G| = |H|, then H is nilpotent.
Theorem 4.2. (Abdollahi-Akbari-Maimani 2006, [1]) Let G be a finite non–abelian group. If
H is a group such that Γ(G) ∼= Γ(H), then H is a finite non–abelian group such that |Z(H)|
divides
gcd(|G| − |Z(G)|, |G| − |CG(x)|, |CG(x)| − |Z(G)| : x ∈ G \ Z(G)).
Theorem 4.3. (Abdollahi-Akbari-Maimani 2006, [1]) Let G be a finite non–abelian group such
that Γ(G) ∼= Γ(S3). Then G ∼= S3.
Theorem 4.4. (Abdollahi-Akbari-Maimani 2006, [1]) Let n > 2 be an integer such that every
two finite non–abelian AC-groups with isomorphic non–commuting graphs and the clique number
less than or equal to n have the same size. Then for every two finite non–abelian groups G and
H if Γ(G) ∼= Γ(H) with clique number ω(Γ(G)) ≤ n, we have |G| = |H|.
Theorem 4.5. (Abdollahi-Akbari-Maimani 2006, [1]) Let G be a non–abelian finite group such
that G/Z(G) be a Frobenius group with Frobenius kernel and complement F/Z(G) and K/Z(G),
respectively and F and K are abelian subgroups of G. If Γ(G) ∼= Γ(H) for some group H, then
|G| = |H|.
Theorem 4.6. (Abdollahi-Akbari-Maimani 2006, [1]) Let G be a finite non–nilpotent AC-group
containing a normal abelian subgroup N with prime index in G. If Γ(G) ∼= Γ(H) for some group
H which is not nilpotent. Then |G| = |H|.
Theorem 4.7. (Abdollahi-Akbari-Maimani 2006, [1]) Let H be a group such that Γ(G) ∼= Γ(H),
where G is a finite non–solvable AC-group. Then |G| = |H|.
Theorem 4.8. (Abdollahi-Akbari-Maimani 2006, [1]) Let H be a group such that Γ(PSL(2, q)) ∼=
Γ(H). Then |PSL(2, q)| = |H|.
Theorem 4.9. (Darafsheh 2009, [4]) Let H be a finite non–abelian simple group. If G is a
finite group with Γ(G) ∼= Γ(H), then |G| = |H|.
Theorem 4.10. (Ahanjideh-Iranmanesh 2012, [3]) If G and H are two non–abelian finite
groups with isomorphic non–commutative graphs and |G| = |H|, then G and H have the same
prime graphs and the same set of orders of maximal abelian subgroups.
Theorem 4.11. (Darafsheh-Yousefzadeh 2013, [5]) Let G be a finite group with Γ(G) ∼= Γ(Sn),
where Sn is the symmetric group of degree n and n ≥ 3. Then G ∼= Sn.
Theorem 4.12. (Solomon-Woldar 2013, [7]) If G is a group and S is a finite non–abelian
simple group such that Γ(G) ∼= Γ(S), then G ∼= S.
Theorem 4.13. (Abdollahi-Shahverdi 2014, [2]) If G and H are non–abelian nilpotent groups
with irregular isomorphic non–commuting graphs, then |G| = |H|.
5
References
[1] A. Abdollahi, S. Akbari, and H. R. Maimani. Non-commuting graph of a group. J. Algebra.
298(2):468-492, 2006.
[2] A. Abdollahi and H. Shahverdi.Non-Commuting Graphs of Nilpotent Groups.Communica-
tions in Algebra. 42(9):3944–3949, 2014.
[3] A. Ahanjide and S. Iranmanesh.On the relation between the non commutative graph and
the prime graph. International Journal of Group Theory. Vol. 01 No.1: 25-28, 2012.
[4] M. R. Darafsheh. Groups with the same non-commuting graph. Discrete Applied Mathe-
matics, 157: 833-837, 2009.
[5] M. R. Darafsheh and P. Yousefzadeh. Characterization of the symmetric group by its
non–commuting graph. International Journal of Group Theory. 2 (2):47–72, 2013.
[6] B. H. Neumann. A problem of Paul Erds on groups. J. Aust. Math. Soc. Ser. A 21: 467-472,
1976.
[7] R. Solomon and A. Woldar. All simple groups are charcterized by their non-commuting
graphs. J. Group Theory. 16: 793-824, 2013.
6
